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CPT-Violating Gravitational Orbital Perturbations
D. Colladay
New College of Florida, Sarasota, FL 34234, USA
A model for spontaneous symmetry breaking using a specific form of the bum-
blebee model is analyzed in the context of a Schwarzschild background metric.
The resulting back reaction of the symmetry-breaking field on the metric is
computed to second order. Consistency with conventional (pseudo)Riemannian
geometry is demonstrated. This background field is coupled to fermions via a
spin-dependent CPT-violating coupling term of a type commonly considered
in the Standard-Model Extension. The perturbations of various orbital trajec-
tories are discussed. Specifically, a spin-dependent orbital velocity is found as
well as a spin-dependent precession rate.
1. Introduction
Common to most implementations of spontaneous breaking of Lorentz and
CPT symmetry is the concept of some sort of potential that drives the
expectation value for a vector (or tensor) field away from zero in vacuum.
In a Minkowski background metric, the theory is easily understood as it
produces constant background fields that can couple to various matter or
force terms in the Standard Model and violate Lorentz symmetry. When
the background metric is more complicated, the resulting form for the back-
ground solution is typically unknown, but can be approximated in the weak-
field limit as a constant field plus small spacetime-dependent fluctuations.1
In this talk, an example of a spontaneously generated background field
in the Schwarzschild metric is considered, and the effects on the orbits of
spin-coupled fermions are discussed.
2. Lagrangian for theory
The specific example used in this presentation consists of a conventional
gravity term
Lg =
1
16piG
eR, (1)
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a simple choice of bumblebee lagrangian2
LB = −
1
4
eBµνB
µν − eV (BµB
µ − b2), V (x) = λx, (2)
and a spin-dependent fermion coupling term3
Lf = eBµψγ
5γµψ. (3)
3. Spontaneous symmetry breaking
The bumblebee model is designed to constrain the Bµ field to be nonzero,
even in the vacuum case. In the example chosen, the parameter λ in Eq. (2)
is treated as a Lagrange multiplier yielding the condition gµνB
µBν = b2,
where the metric is chosen as Schwarzschild with xµ = (t, r, θ, φ)
dλ2 = gµνdx
µdxν (4)
=
(
1−
rs
r
)
dt2 −
(
1−
rs
r
)−1
dr2 − r2dΩ2. (5)
A solution for the equation of motion for B can be found by assuming local
rotational invariance leading to the solution
Bµ(r) =
(
b
√
1−
rs
r
, 0, 0, 0
)
, λ =
1
2
(
1− rsr
) ( rs
2r2
)2
. (6)
Note that in a local Lorentz frame, Ba = (b, 0, 0, 0), where Ba = e
µ
aBµ are
related by the vierbein field. This particular solution yields the following
nonvanishing components of Bµν
B01 = −B10 = −
rsb
2r2
√
1− rsr
, (7)
corresponding to a radial “electric”-type field configuration.
The energy–momentum tensor for the B field can be computed using
TBµν = BµαB
α
ν +
1
4
BαβB
αβgµν − 2λBµBν , (8)
as
TBµν = −
b2
8r2
(rs
r
)2
g˜µν = −λb
2g˜µν , (9)
where g˜µν is the metric with the replacement g11 → −g11. Explicit cal-
culation demonstrates that DµTBµν = 0, which is compatible with the
Bianchi identities DµG
µν of General Relativity (GR) and the relation
Gµν = κT µν, a very desirable feature of theories involving spontaneous
breaking of Lorentz invariance.4
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Explicitly, the back reaction on the metric can be computed to lowest
order in b2 with the result (with U(r) = 1− rs/r)
g00 ≈ U(r)
(
1 +
κb2
4U(r)
(rs
r
+ (1−
rs
2r
) lnU(r)
))
, (10)
and
g11 ≈ −U
−1(r)
(
1−
κb2
8U(r)
rs
r
lnU(r)
)
, (11)
4. Fermion coupling
Coupling to fermions as given in Eq. (3) produces an effective classical
lagrangian in the form described in a previous publication:5
L∗±[x, u, e˜] = −
m
2e˜
u2 ∓
√
(B · u)2 −B2u2 −
e˜m
2
. (12)
In this expression, the metric along the worldline is generalized to e˜, typi-
cally referred to as an ‘einbein.’ The corresponding extended hamiltonian6
is
H∗±[x, p, e˜] = −
e˜
2m
(
p2 −m2 −B2 ∓ 2
√
(B · p)2 −B2p2
)
. (13)
The canonical momenta can be related to the velocities using pµ =
−∂L/∂uµ and uµ = −∂H/∂pµ yielding
p0 =
m
e˜
g00u
0, (14)
and
pi =
m
e˜
giju
j
(
1∓
e˜b
m
√
−gklukul
)
. (15)
Setting θ = pi/2 yields a hamiltonian cyclic in t and φ yielding conserved
momenta pt and pφ. The on-shell condition H± = 0 gives the effective
potential
Veff (r) =
1
2m

−rs
r
m2 +
(
1−
rs
r
) p2φ
r2
(
1∓ 2b
(1 − rsr )
1/2√
p2o − (1−
rs
r )m
2)
)−1 .
(16)
For vertical motion with pφ = 0, the effect of b drops out of the effective
potential and the motion is equivalent to conventional free-fall motion of
GR. Singular points have been previously discussed.7 For a circular orbit
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r → R, a constant, setting the derivative of the potential to zero and
approximating to lowest-order in b yields the orbital velocity
Rφ˙ =
√
rs
2R(1− 3rs
2R )
±
b
2m
(1− rsR )
(1− 3rs
2R )
, (17)
demonstrating that the geodesic motion depends on helicity. In the New-
tonian limit, the difference in speeds is independent of R
Rφ˙ ≈
√
GM
R
±
b
2m
, (18)
indicating that the relative effect of b increases with the radius.
The effect on the orbital precession rate can be computed from
ωr =
V
′′
(R)
m
= ωφ
(
1−
3rs
R
) 1
2
±
b
2mR
(1− rsR )(
1− 3rsR
) 1
2
, (19)
the radial oscillation frequency, yielding
δφ ≈
6piGM
R
∓
pib
m
√
R
GM
, (20)
at leading order in rs/R. The effect is more pronounced at larger R, but
may be more difficult to observe there as well.
5. Conclusion
Local rotation invariance is useful for obtaining an example solution for
a field that breaks local Lorentz invariance spontaneously in a relatively
simple way. Use of a simple version of the bumblebee model produces
an example that is consistent with the Bianchi identities of GR. Orbital
trajectories of fermions coupled to the spontaneous-breaking field can be
effected in a way that depends on the helicity of the particle, therefore
breaking the equivalence principle.
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